We propose an efficient reduced-order technique for electronic structure cal- 
Introduction
A rigorous atomistic description of the electronic structure in confined systems is of crucial importance to understand quantum transport phenomena in technologically relevant nanostructures [1] . Traditionally, theoretical studies of nanostructures have relied on the multiband k·p method [2] in the framework of envelope-function approximation (EFA) [3] . In this approach the electronic states of the nanostructure are expanded in zone-center Bloch wavefunctions of the underlying bulk crystal, and the expansion coefficients (envelope functions) are assumed to be slowly varying spatial functions. Despite the numerous approximations involved, envelope function approaches based on k·p models have been widely adopted, mainly due to a fair compromise between simplicity and reliability. However, there is evidence that a full-zone description is critical for an accurate quantitative modeling of nanostructures. As an example, quantum-mechanical mixing between the zone center Γ and the zone edge X states (Γ-X coupling) due to the crossover from direct to indirect band gap in some cubic III-V systems has a relevant effect on electrical and optical properties [4] . In general, full-zone electronic structure models are attractive because they allow for an atomistic description of the band structure and a unified treatment of bound and unbound states. The latter feature is important in the description of scattering mechanisms between continuum and bound states [5, 6, 7] , which play a crucial role e.g. in the dynamic properties of semiconductor lasers and in the quantum efficiency of light-emitting diodes (LEDs). As a topical example, the efficiency droop observed in GaN-based LEDs [8] has been attributed by some researchers to Auger recombination processes which, due to the large energy gap, promote carriers to high energy states in different bands above the barrier, thus contributing to leakage [9, 10] . A correct microscopic description of such interband processes would require a full-zone approach. An atomistic description of the band structure is also important for the correct inclusion of strain and of the strong piezoelectric charges which are predicted in GaN-based heterostructures [11] . The conventional EFA approach is oblivious of the atomic details of heterointerfaces and implies a slow variation of the envelope function. While interface-related effects lying outside the scope of conventional EFA can be accounted for, in principle, by exact envelope function theories such as those developed by Burt [12] and Foreman [13] , the description of realistic strain configurations in partially relaxed structures and the treatment of defects call for an atomistic approach.
An alternative to EFA, along the lines of the linear combination of atomic orbitals (LCAO) method [14, 15, 16] , is obtained by the linear combination of bulk bands (LCBB) [17, 18] , which avoids the decomposition of the wavefunction into envelope functions by expanding the states of the quantum structure in terms of the full-zone Bloch eigenstates of the constituent bulk crystals.
LCBB guarantees that the physical symmetry of the system is preserved, and allows for an atomistic description of surfaces, interfaces, and strain [17] . Compared with exact diagonalization techniques, LCBB enables to select the physically important bands and wavevector points [17] . As a result, the number of basis functions can be reduced significantly compared to the plane-wave basis. Although LCBB has been applied to large scale electronic structure calculations [4] , the method is still too computationally intensive to be included in carrier transport device simulation codes. This applies in particular to nitride-based nanostructures, where charge rearrangement induced by the presence of externally applied or internally induced fields has to be considered for a realistic device description [19] . Ideally, one should try to combine a complete quantum-mechanical description with a full-band approach, avoiding the computationally prohibitive load of atomistic methods and the inherent limitations of the EFA.
From LCBB to LCBB-SVD
With a view of the above remarks, we present a simple acceleration strategy, LCBB-SVD, based on the singular value decomposition (SVD). This strategy was inspired by a numerical technique proposed by some of the authors to generate reduced sets of problem-matched basis functions in guidedwave finite-element analysis [20, 21] and already demonstrated for bulk electronic structure calculations [22] . Although this reduced-order technique can be applied to any type of nanostructure (2D, 1D, or 0D), here we restrict our attention to 2D systems with a confining potential U(r, z) = U(z) which is constant in the r plane normal to the confining direction z. Before presenting the details of the reduced-order model, we briefly summarize LCBB.
Following the notation in [18] , we write wavevectors and reciprocal lattice
respectively. We assume that the nanostructure is composed of a single material 1 and we expand the nanos-1 This approximation is well justified for semiconductor-insulator heterojunctions where the band discontinuity is very large, or for the opposite extreme of weakly confining quantum wells (QWs). For vertical transport across III-nitride multiple QWs, where this simplification could be questionable, the proposed method can be extended to take into tructure eigenfunction ψ as a linear combination of bulk states
where
is the periodic component, which can be expanded in the plane wave basis set with coefficients
The unknown wavefunction ψ must satisfy the Schrödinger equation 
where L = 2π/∆k z is the length of the nanostructure in the z direction, ∆k z is the spacing between k z values, U T (q z ) denotes the 1D Fourier transform of the confining potential U(z), G z is a reciprocal lattice vector along k z , and
KK ′ (G z ) = u n,K+Gz |u n ′ ,K ′ are overlap integrals between periodic components. The wavevector (k, k z ) belongs to the first 2D Brillouin zone [18] , account the full details of realistic heterojunctions.
thus |k z | < G zm /2, where G zm is the magnitude of the smallest reciprocal lattice vector G z . The empirical pseudopotential method (EPM) [23] 
LCBB leads to an eigenvalue problem of rank n b n kz , where n kz is the number of wavevectors along k z and n b is the number of bulk bands included in the calculation. The number of points n kz in (1) needed to achieve a given accuracy is structure-dependent [19] . Moreover, the presence of a confining potential implies a lower bound on the number of points for the Fourier representation of the potential itself. In general, a few hundred points are necessary for an accurate description of the energy dispersion of typical 2D systems. In practical cases, the computation time is dominated by the calculation of the matrix itself (which requires the calculation of the Bloch waves Φ nkkz ) rather than by its diagonalization. We will show that the information necessary to build the eigenvalue matrix (3) can be efficiently extracted from a few numerically generated problem-matched basis functions. To this end, it is convenient to write the Hamiltonian H in the form used in complex band structure calculations [3] , which explicitly displays the k z dependence of H (non-local terms and spin-orbit corrections are not included for conceptual simplicity)
Rather than repeatedly solving the bulk problem for each (k, k z ) point, we diagonalize H in a few selected n p points (the expansion points) evenly spaced along k z between 0 and G zm /2. The eigenvectors computed at the expansion points are then arranged columnwise in a matrix X with dimensions n G × n b n p , where n G is the number of plane waves used in the EPM calculations.
By applying the economy-size SVD [24] X = UΣV † , we obtain a n G × n b n p unitary matrix of left singular vectors U, a n b n p × n b n p diagonal matrix Σ with positive elements (the singular values), and a n b n p ×n b n p unitary matrix of right singular vectors V . The significance of each singular vector in the description of the bands considered is measured by the amplitude of the corresponding singular value [24] . Since singular values typically range over several orders of magnitude, just a few of them may be needed to obtain an accurate description of the band structure. Having selected a suitable lower bound for the singular values, the bulk problem can be efficiently solved for arbitrary points in the range 0 < k z < G zm /2 by diagonalizing the reduced- 
with K = (k, −k z ) and G = (g, −g z ). A phase factor may apply depending of the specific choice of the primitive vectors [25, App. A], [26] . In the reduced-order representation, Eq. (8) can be written asB n,K =T G,GB * n,K , whereT G,G =Û † T G,GÛ * and T G,G is the matrix that incorporates the swap sequence of the G vectors with the appropriate phase factors. Out-of-zone states can be constructed using the periodicity condition (strictly valid if the basis set is not truncated) It is interesting to compare the LCBB results with conventional multiband k·p EFA models. Common k·p implementations for GaN are based on the symmetrized version of the wurtzite Hamiltonian [29, 30] , which is numeri-cally unstable in structures having significant discontinuities of the material parameters at interfaces [31, 32] . Another important issue in EFA is the correct ordering of the differential operators. Reliable and spurious-solution-free subband structures are calculated here with a finite element discretization in real space that includes Burt-Foreman operator ordering [12, 33, 13] , ensuring the ellipticity of the equations in the framework of standard EFA [34, 35] . , it can be seen that 6 × 6 k·p models are able to approximate the bound states of the nanostructure in the limits of EFA. However, simplified approaches, where bound levels are treated as 2D states within EFA while the continuum portion of the spectrum is described through bulk states, are intrinsically unable to provide a microscopic description of capture (continuum-to-bound) and escape (bound-to-continuum) processes, since initial and final states are not treated on equal footing [36] . Investigations of capture processes in separate confinement heterostructures (SCH) based on k·p EFA and Fermi golden rule have also led to unphysical results due to the finite coherence length of the carriers [37, 38, 39] . Moreover, a zone-center description of the electronic structure is not suitable to describe scattering processes that involve states far from Γ, a notable example being Auger recombination in wide band gap semiconductors [40, 10] . Although this problem can be alleviated by fullzone k·p approaches [41] , they usually require multiple expansion points to cover the entire Brillouin zone with a computational cost comparable to EPM and possible added complexity related to interpolation issues [42, 43] .
The present LCCB-SVD model allows for a unified full-zone treatment of extended (bulk-like) and localized (QW-like) states with a small overhead with respect to the EPM problem for bulk semiconductors. LCCB-SVD is therefore suited for the evaluation of scattering rates between extended and localized states, a crucial ingredient to investigate vertical carrier transport across heterostructures.
